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Abstract

In this paper, we introduce the notion of weighted mean method
(N, p, q,w) of triple sequences of fuzzy numbers and show ne-
cessary and sufficient Tauberian conditions under which con-
vergence in Pringsheim’s sense of a triple sequence of fuzzy
numbers follows from its (N, p, g, w) summability. These con-
ditions are weaker than the weighted analogues of Landau’s
conditions and Schmidt’s slow oscillation condition in some
senses for three-dimensional case.
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Resumo

Neste artigo, introduzimos a no¢ao do método da média pon-
derada (N, p, g, w) para sequéncias triplas de nimeros fuzzy e
mostramos condi¢cdes de Tauber necessérias e suficientes sob
as quais a convergéncia no sentido de Pringsheim de uma
sequéncia tripla de nimeros fuzzy decorre de sua somabili-
dade (N, p,q,w). Essas condi¢des sdo, em certos aspectos,
mais fracas do que os andlogos ponderados das condi¢des de
Landau e da condi¢ao de oscilagao lenta de Schmidt no caso
tridimensional.

Palavras-chave: sequéncia tripla de nimeros fuzzy; método
da média ponderada; teoremas e condi¢oes de Tauber.
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1 Introduction

Letp = (pj),q = (qx) and w = (w;) be three sequences of non-negative numbers po, go, wo > 0
with the property that

m
= pj >0, m— o, (1)
=0
= Pk —> 00, k=00 @)
k=0
and
Wi =) pi— o0, i— oo, 3)

The weighted means of a triple sequence u = (#,,,5) of complex numbers are the (N, p, g, w)
means t,,,;, which are defined by

tnnh = anWh ZZZP}‘HW Ujki,

j=0 k=0 i=0

where m, n and h are non-negative integers.

A triple sequence (u,,,s) of complex numbers is called (N, p, g, w) summable to a finite number
s if (t,unn) converges to s, i.e. umnn — S(N, p, g, w).

We can easily check the fact that every P-convergent and bounded double sequence of complex
numbers is (N, p, g, w) summable to its P-convergence, but the converse of this implication is not
true in general.

The notion of (C, 1, 1, 1) summability of a triple sequence was originally introduced by Canak
and Totur (2016). Then, Canak et al. (2016) studied some (C,1,1,1) means of a statistical
convergent triple sequence and gave some classical Tauberian theorems for a triple sequence that
P-convergence follows from statistically (C, 1, 1, 1) summability under the two-sided boundedness
conditions and slowly oscillating conditions in certain senses. Later, in Totur and Canak (2020)
proved Tauberian conditions under which convergence of triple integrals follows from (C, 1, 1, 1)
summability.

The results in this work may find some applications in human trafficking or computational DNA
sequencing. To do this, one may use the ideas developed to represent data in Ressom et al. (2005)
for applications in sequencing with refer to Kim ez al. (2008) and Acharjee and Mordeson (2017).
Our main aim in this paper is to give necessary and sufficient Tauberian conditions under which
convergence in Pringsheim’s sense of a triple sequence of fuzzy numbers follows from its (N, p, g, w)
summability. We also prove that these conditions are weaker than the weighted analogues of Landau’s
conditions and Schmidt’s slow oscillation condition in some senses for three-dimensional case.

2 Preliminaries

In this section, We recall some notations and basic definitions which are used throughout this
paper.
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Definition 2.1 A fuzzy number is a fuzzy set on R, i.e. a mapping u : R — [0, 1] with the following
properties:

1. u is normal, i.e. there is a unique element xo € R such that u(xp) = 1.

2. u is fuzzy convex, i.e. for any x,y € R and for any 1 € [0,1], u(dx + (1 — )y) >
min{u(x),u(y)}.

3. u is upper semicontinuous.

4. The support of u, [ug] = {x € R: u(x) > 0} is compact, where {x € R : u(x) > 0} denotes
the closure of the set {x € R : u(x) > 0} in the usual topology of R.

Remark 2.1 We denote the set of all fuzzy numbers on R by E' and call it the space of fuzzy numbers.
Foru € E', the a-level set of u is defined by

_{xeR:u(x)20},0<a<1
[ulo = {xeR:ulx)>0} a=0

Remark 2.2 The set [u], is a closed, bounded and non-empty interval for each a € [0, 1] with
[ulg C [ulq if @ < B which is also defined by [u], = [u™ (@), u” (a)] (Dubois; Prade, 1980).

Definition 2.2 The set of all real numbers can be embedded in E' since for each r € R,7 € E' is
defined by E' as

Lemma 2.1 Bede (2013)

1. The addition of fuzzy number is associative and commutative, i.e. u +v = v + u and
u+(v+w)=(u+v)+w, forallu,v,w € El.

2. 0 € E' is neutral element with respect to +, i.e. u+0=0+u = u, foranyu € E'.
3. With respect to +, none of u € E' — R has opposite in E~'.

4. For any a,b € R with ab > 0 and any u € E', we have (a + b)u = au + bu. For general
a, b € R this property does not hold.

5. Foranya € Rand u,v € E', we have a(u +v) = au + av.

6. Forany a,b € R and any u € E', we have (ab)u = a(bu).

Definition 2.3 Let W be the set of all closed and bounded intervals A of real numbers with endpoints
A" and A™, i.e.,, A = [A™, A*]. The Hausdorf{f distance on W is defined by

d(A, B) = max{|A~ — B~|,|]A* — B*|}.
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Remark 2.3 It is well-known that with respect to the Hausdorff distance, W is a complete metric
space (Nanda, 1989). Now, we can define the metric D on the space of fuzzy numbers by means of
the Hausdorf{f metric d.

Definition 2.4 Bede (2013),let D : E' X E' — R,

D(u,v) = sup max{lu”(a) —v ()], u" (@) =v*(a)[}

acl0,1]

sup d([u]a, [v]a)-
ael0,1]

Then, D is said to be Hausdorf{f distance between fuzzy numbers u and v.

Remark 2.4 The additive identity and multiplicative identity in E' are denoted by 0 and 1, respec-
tively.

Proposition 2.1 Bede (2013), let u,v, ,w,z € E Uand k € R. Then, the following statements hold:
1. (E', D) is a complete metric space.
2. D(u+w,v+w)=D(u,v), ie D istranslation invariant.

D (ku, kv) = |k|D(u,v).

D(u+v,w+2) <D(u,w)+D(v,2).

A NS

|D(u,0) — D(v,0)| < D(u,v) < D(u,0) + D(v,0).
Now, we will recall some definitions related to triple sequences of fuzzy numbers.

Definition 2.5 A triple sequence u = (umnp) of fuzzy numbers is a function u from N x N x N (N
denotes the set of all natural numbers) into the set E'. The fuzzy number u,,;,) denotes the value of
the function at a point (m,n, h) € NXN XN and is called the (m, n, h)-term of the triple sequence.

Remark 2.5 By w3(F), we denote the set of all triple sequences of fuzzy numbers.

Definition 2.6 A triple sequence u = (Uynp) of fuzzy numbers is said to be bounded if there exists a

positive number M such that D (uun,0) < M for all m,n and h, i.e. if |u|lc3 = sup D (ttynn,0) <

m,n,h
00.

Remark 2.6 We will denote the set of all bounded triple sequences of fuzzy numbers by €3, (F).

Remark 2.7 Insection 4 part (1), we show that every P-convergent triple sequences of fuzzy numbers
need not be bounded.

Definition 2.7 A triple sequenceu = (upnp) of fuzzy numbers is said to be convergent in Pringsheim’s

sense (or P-convergent) to the fuzzy number o, written as lilgn Umnh = Mo, if for every € > 0
m,n,h— oo

there exists a positive integer no (&) such that D (uynn, o) < € whenever m, n, h > ngy, and we denote
by P-limu = ug. The number u is called the Pringsheim limit of u.
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Remark 2.8 By ¢>(F), we will denote the set of all convergent triple sequences of fuzzy numbers.

Definition 2.8 Let p = (p;),q = (qx) and w = (w;) ) be three sequences of non-negative numbers
(po, g0, wo > 0) with the property (1), (2) and (3). The weighted means of a triple sequence
u = (mnp) of fuzzy numbers are the (N, p, q, w) means ty,,, which are defined by

h
ijqkw Ujki,
=0 i=

m n

t
mnh = m Qn Wh Z

Jj=0k
where m, n and h are non-negative integers.

Definition 2.9 A triple sequence (i) of fuzzy numbers is said to be (N, p, q,w) summable to a
Sfuzzy number py if

lim Imnh = HO- (4)

m,n,h— o0

Remark 2.9 Note that throughout this paper we always mean convergence in Pringsheim’s sense
(Zygumnd, 1959).

3 Main Results

In this section, we state that (N, p, g, w) summability method is a regular method for bounded
triple sequences of fuzzy numbers.

Lemma 3.1 1. If A > 1,4, >m, A, >nand A, > h, then

DS ) S G o iy )
PLOLW
¥ (P,,, — Pm)(g;nQinQ:;(th - Wh)D(tmnh’ )
P W
F P m)(éfingjﬁl (Way — iy 2 e 1)
%D(u s toni) + %D(fm,/ln,h’ tmnh)
+ %D(rm,n,@, tnh) -

2. If0<A< 1,4, <m,A, <nand Ay, < h, then

Py, 01,Wa
D(T mnh? tmnh) = mQ =t
(P/l m)(Q/ln - Qn)(W/lh - Wh)
Pﬂm Q/ln Wﬂh
+
(P/lm - Pm)(Q/ln - Qn)(W/lh - Wh)
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P, 04,Wa,
+ m n D(f h’l’ ’ ’/l )
(Pa,, = Pm)(Qa, = On) (W, — W)~ "0 i
P, 0
+ —————D(tmnn, 1 + —"—D(tynn-t
P/l _Pm (mnh Am nh) Q/l,, _Pn (mnh m,/l,,,h)
Wa,
+—" _D(t ,
W/lh Wh ( mnh mn/lh)

1. By definition, we have

1 m n Ap
D s o) :D((P/l = Pp)(Qa, — 0n)(Wy, —Op) Z Z Z PiqiWilljki

mn Jj=m+1 k=n+1i=h+1

An

1 m An
T P = Pu)(Qn, — 00)(Wa, — O1) Z 2. 2

Jj=0 k=n+1i=h+1

Am n h m n

h
+ Z Z Z + Z )P jqkWilkjkis tmnh

j=m+1 k=0 i=0  j=0 k=0 i=0
An

1 m
¥ (Pa,, — Pn)(Qa, — Qn)(Wy, — Qn) (Z

Jj=0 k=n+1i=h+1

% m n h m n

F Y S S S g

j=m+1 k=0 i=0  j=0 k=0 i=0

| An An An
= D( Diqiwi
. 1
(P/lm - Pm)(Q/ln - Qn)(W/lh - Qh)
m n h
Z ZPjCIkWiujki,tmnh
=0 k=0 i=0
1 m A, An
+ qrWill jki
(Pa,, — Pu)(Qs, — On)(Wa, — ) JZ ZO Z(; PRt
1 n h
+ idkWill i ki
(Pa,, — Pu)(Qa, — Q) (W, — Q) L £ Z(; Pigiviki)
Jj=0 k=0 i=
P W
= D( inQa Wiy B, A
(Pa,, — Pm)(Qa, — On) (W, — Wp)
N Py, 01, Wa, ,
hs tnnh
( Am m)(Q/l Qn)(W/Ih Wh) fnn "
Pa, 04, Wy,
+ A,
(P/lm - Pm)(Q/ln - Qn)(W/lh - Wh)
Py, 01, Wa,
t/lm,n,h)

T P = Pu)(Qs, — Om) (W, — W)
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Py, 01, Wa,
(P/Im - Pm)(Qxln - Qn)(W/lh - Wh)
PanWh
+
(P/lm - Pm)(Q/ln - Qn)(W/lh - Wh)
+—PA’” fonh + Qu, — ¢ h+—W/l" t tnh
Amon, m, Ay, m,n,Aps tmn
Py, — Py 04, — On W, — W "
(Pa, + D)(Qa, + (W, +1)
(Pa,, —m)(Qa, —n)(Wy, — h)
+ tm,Q,ln,h + tm,n,Wgh))
< Py, 01, Wa,
B (P/lm - Pm)(Q/I,, - Qn)(W/lh - Wh)

= D( Lo

tmnh

(tp,, nh

D(ta,,.0,.055 tAn,h)

PanWh

(Pa, = Pm)(Qa, — Qn)(Wa, = Wp)

P,, 0., Wa, P

m
+ —t/l nht ——————lma,h Y Iy, ¥ 5 Imunh
Py, — Pn 0a, — On W, — W Py, = Pn

TR L/
Q/l — Qn ma,h T W/lh — Wh m,n,h
P, 04,Wa, . N Py, .
Py, = Pu)(Qa, — Q) (Wy, — Wy) e ™ py = p,,

Qn Wh
+ —tm,n,h + ————
0., — On Wy, — W

+ tmnh)

+ D( Imnh

+ tmnhs tmnh + (

< P,,,04,Wa,

B ( Am m)(Q/l Qn)(W/lh - Wh)
P, 01,Wa,
tmnh
(P/lm - Pm)(Q/ln - Qn)(W/lh - Wh)

+ Ltﬂ ht———— Q/l —IlnA kT Lt 1
Pa, = Pp 0 Qa, = Q0 T Wy = Wy

N P, 01,Wa,
( Am — m)(Q/ln - Qn)(W/lh - Wh)
Py, Oa, Wa,

+ —— + — 1 + —F1
P/l P mnh Q/l — Qn mnh T W/lh — Wh mnh)

D(ta,0,.0, tA,nh)

+ D(

tms/ln A

then,

Py, 04, Wy,
D mn < m n
o tonh) < 5= S0 = Q) Wiy = W)
N Py, 01, W2,
(Pa,, = Pm)(Qa, — Qn) (W, — W)

D(ta,, 0,0 tAnih)

D (tmnha tm,/ln,h)
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P, 01, Wa,
+ m n D(f h’l’ A )
(P, — Pn)(Qa1, — Qn)(Wy, — Wy,) > mian
Pa, 0
+—"—D(t , 1 + —" __D(t .t
P/l _ Pm ( Amsn,h mnh) Q/l,, _ Pn ( m,A,,h mnh)
W,
+ ———D(t t
W/lh Wh ( m,n,Ay, mnh)

2. This proof is made similar to part (1).

Remark 3.1 The condition (14) and the conditions

i P, ) A ) Wa,
im sup —= < 1,limsup < 1land limsup — < 1 5)

m— oo m n—o00 n h—oo h
fJor every 0 < A < 1 are equivalent (Chen,; Hsu, 2000).
Lemma 3.2 Let p = (p;),q = (qx) and w = (w;) be sequences of non-negative numbers such that

D0, g0, wo > 0 and condition (14) is satisfied for every A > 1. If (uyns) is (N, p, g, w) summable to
a fuzzy number uy, then

A s = ©
and
im = o )

By Proposition 2.1 parts (2) and (4), we have

D( Tonhs /JO) ( mnh T Lmnhs tmnh + /JO) (8)

D( Tonhs tmnh) + D (tmnns o).

By Lemma 3.1 part (1), and (8), we obtain
P, 01, Wa,
D(7,,p5 Ho) < — D (2,00 24> Lk
o H0) (Pa,, = Pu)(Qa, — Qn) (W, = Wp) ( b )
Py, 04, W2

: D(tmnha tm,/ln,/lh)+

(P/l - Pm)(Q/l Qn)(W/lh - Wh) (9)
Py, Oa,
—————D(t,.n.> tmnn) + =————D(tm.,.1> tnn
P - P, ( nh) Or - O nh)
W,
+ W—_PD(tm n,Aps lmnh) + D(tmnh ,UO)
For all 4 > 1 and sufficiently large m, n, h we get
P P
lim sup A (1 —limsup =)' < o0 (10)
m—o0 P/l - Py m—oo Am
Q/l . Qn -1
lim su =(1-limsup—=—)"" < oo (11)
n—>oop Q/l - Qn n—>oop Q/ln

GRANADOS, C. B.; DAS, A. K.; DAS, S. Teoremas de Tauber para sequéncias triplas somdveis (N, p, g, w) de nimeros fuzzy. C.Q.D. — Revista
Eletronica Paulista de Matematica, Bauru, v. 26, 26013, 2025.
DOI:10.21167/cqdv26e26013  Disponivel em: www. fc.unesp.br/departamentos/matematica/revista-cqd



e\
Te\
A

Wi ) < oo (12)

: Wa, .
lim sup ——— = (1 — lim sup
h— o0 W/lh - Wh h—co A
from (4). The inequalities (10), (11) and (12) hold for A,, with sufficiently large m, A,, with sufficiently
large n and A;, with sufficiently large h. Since (i) is (N, p, g, w) summable to a fuzzy number
o and (10), (11) and (12) hold, it is clear that the terms on the right of (9) vanish under the operator
lim sup. Therefore, (6) follows from (8).

m,n,h— oo

The proof of (7) is made similar.

Theorem 3.1 Ifu = (upn) € w>(F) N E,(F) is convergent to g € E', then (uynn) is (N, p, g, w)
summbale to uy.

Let (umnp) € ¢3(F) N €,(F). Then, there exists ug € E' such that lim D (umnn, to) = O.

m,n,h— o0

Therefore, by Proposition 2.1 part (4), we have

1 m n h
D (tynn)s po) = D(——- PjiqkWilljkis Ho)
mn PanWh ]Z:(:) k:() IZ(; ] L KL
1 m n h
< — PjqiwiD (i, po).
PnQuWi ]Z:(:) =~ M

Since lim D (i, o) = O, by the regularity of (N, p, g, w) summability method and the

m,n,h— o0
boundedness (u,,,5,) of sequences of real numbers, we get

lim D (tmnn, po) = 0. 13)

m,n,h—o0

By the following example, we show that the converse of Theorem 3.1 does not hold in general.

Example 3.1 Consider the triple sequence u = (umup) of fuzzy numbers defined by

uo if m,n, h are even
Umnh =
vo otherwise,
where
11—t if t€[0,1]
uo(t) =
0 otherwise
and
1+1¢ if te[-1,0]
vo(t) =

0 otherwise.
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It is clear that (u,,,y,) is divergent. The endpoints of the a-level set of the triple sequence ()
of fuzzy numbers are

0 if m,n, h are even
ur_nnh =
a—1 otherwise
and
l-«a if m,n, h are even
+ —
WUpinn =
0 otherwise.
. _ . 3(a-1)
For p = g = w = 1, the triple sequence (t, ,(a)) and (¢}  (a)) converge to — and
1-a . uo + 3v
% asm,n, h — oo, respectively. We have h}fn D (tynn, wo) = 0, where wy = (o 4 % In
m,n, —00

others words, the triple sequence (tpy,;) of fuzzy number is convergent to wg and then itis (N, 1,1, 1)
summblae to wy.

Throughout this paper, 4, presents the integral part of the product An, in symbol 4,, = [An]. The
next result is a partial converse of Theorem 3.1.

Theorem 3.2 Let p = (pj),q = (qx) and w = (w;) be sequences of non-negative numbers with
P0,4q0,wo > 0 and

Pﬂ’l . n . W
limsup — < l,hmsupQ— <1and hmsup—h <1 (14)

m— o0 Am n—o00 An h—oo An
for every A > 1.
If (Wpnp) is (N, p, q, w) summable to a fuzzy number i, then the limit

im  wppn = po (15)

m,n,h— o0

exists if and only if

liminf limsup D (7, ., Umnn) =0 (16)

A—1 m,n,h— oo

or

liminf limsup D (7, ., mnn) = 0, 17)

A=l h—oco

where, for 1 > 1

An

Am Ap
1
7 = GrWill jki
mnh = (P = Pu) (@, — On) (W, — W) .Z 2. 2, Pty

Jj=m+1 k=n+1i=h+1

andfor0 <A <1

. B 1 m n h
= (P = Pu ) (Qn — Oa) (Wi — Wa,) PINDINDIN LA

J=Am+1 k=A,+1 i=A+1

for sufficiently large non-negative integers m, n, h.
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Necessity: If (i,,.1,) is (N, p, g, w) summable to ug and (15) is satisfied, then
lim D(”mnh’ tmnh) =0. (18)
m,n,h— oo

Now, (16) (resp. (17)) follows from (6) (resp. (7)) and (18).
Sufficiency: Consider that condition (16) holds. Then, for any given £ > 0 there exists 49 > 1
such that

limsup D(7, ., Umnp) < €. (19)

m,n,h— oo

Besides, we have

D(umnh, ,UO) = D(umnh + T;nh’ Mo + T;nh)
< D (Umnh, Tn>mh) + D(T;mh’ Ho)

by Proposition 2.1 parts (2) and (4). Taking into account that (u,,,;) is (N, p, g, w) summbale
to o, (6) and (19), we obtain

limsup D (tpnn, Ho) < €. (20)

m,n,h—o0

In a similar way, if (17) holds, for any given & > 0 there exists 0 < Ay < 1 such that

limsup D(t,

m,n,h— oo

umnh) <e. (21)

nh’

Furthermore, we have

D (tmnh» o) = D (mnn + T,;nh’ Mo + Tn<1nh)
< D(umnha Tr;nh) + D(Tr;nh’ IJO)

by Proposition 2.1 parts (2) and (4). Taking into account that (i,,,3) is (N, p, g, w) summable
to uo, (7) and (21), we obtain

lim sup D (4mnh, o) < €. (22)

m,n,h— o0

Since ¢ is arbitrary, this ends the proof.

Definition 3.1 A triple sequence (uy,,) of fuzzy numbers is said to be slowly oscillating in the
strong sense (1,1, 1) if

lim lim sup max D (ujis umnn) = 0. (23)
A—1 m,n,h—sc0 m+1,n+1,h+1<],k,i<Ap,An,dn

Equivalently, we say that (um,,y) is slowly oscillating in the sense (1,1, 1) if for each € > 0
there exist ni(g) and Ay = Ao(&) > 1 such that D (uji;, upmpn) < & whenever ny < m < j < A,
n<n<k<Ad,andn; < h<i< A,
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Remark 3.2 By S:fn (F), we will denote the set of all slowly oscillating triple sequences in the sense

(1,1, 1) of fuzzy numbers.
As corollary of Theorem 3.2, we have the following result.

Corollary 3.1 Let (14) be satisfied. If (umnp) € S?ll and (upny) is (N, p, g, w) summable to a fuzzy
number wg, then (uy,,;) is convergent to .

Consider that (u,,,5) is slowly oscillating in the sense (1, 1, 1). Since

/lm /ln /1h
1
D(T . Umnn) < PiqwiD ki, Upmnn)
mnh> %mn (P/lm - Pm)(Q/l,, — Qn)(W/lh — Wh) j:Zm;—l k;l i;} J i Jki> Ymn
< D(Mjkia Umnh)-

max
m+1,n+1,h+1<j,k,i<d,An,4p

Therefore, we conclude that (16) holds. By Theorem 3.2, (u,,,5,) is convergent to .

Definition 3.2 We say that a double sequence (u,,1,) of fuzzy numbers is said to be slowly oscillating
in the sense (1,0,0), (0,1,0) and (0,0, 1) if

lim limsup max  D(ujup, mnn) = 0, 24)
1—1 m,n,h—sco M+1<jm
lim limsup max D (upkn, Umny) = 0 (25)
A=1 y n h—sco NH1<kA,

and
lim limsup max D (uuni, Umnn) = 0. (26)
A= 1y h—sco hH1<idy

Respectively.

Remark 3.3 By s?oo’ sgl o and S(3)01’ we will denote the set of all slowly oscillating triple sequences

in the sense (1,0,0), (0,1,0) and (0,0, 1) of fuzzy numbers, respectively.

Lemma 3.3 If (i) € 5350(F) N 53,0(F) N 53, (F), then (umnn) € s111°(F).

By the triangle inequality, we have
D (ujkis wmnn) < D(jkis umki) + D (Ui Umnh) - (27)

From (27), we conclude that

max D(u/’ki’ umnh) < max D(ujki’ umki)
m+1,n+1L,h+1<j,k,i<A;,An,4n ’ m+1,n+1,h+1<j,k,i<A;,An,An

(28)

max D(umki, umnh)-
m+1,n+1,h+1<],k,i<Apy,An,4n

Since (uynp) is slowly oscillating in the senses (1,0, 0), (0,1,0) and (0,0, 1), it follows from
(28) that (u,,,1,) is slowly oscillating in the sense (1,1, 1).
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Corollary 3.2 Let (14) satisfied. If (uynp) is slowly oscillating in the sense (1,0,0), (0, 1,0) and
(0,0,1) and (N, p, q, w) summbale to a fuzzy number to g, then (i) is convergent to .

The proof is followed by Lemma 3.3 and Theorem 3.2.

Remark 3.4 We say that (u,,;) satisfies weighted analogue of Landau’s condition in sense (1,0, 0)
if there exist ny and B such that

P .
—D Ujnh, uj—1,0,n) < Bwhenever j,n,h > n;. (29)

J

It is clear that if (29) holds and P is regularly varying of positive index, then () € s%OO(F).
We remind the reader that P is regularly varying of index a > 0 if

. P()
lim ————,
n—oo P(n) = A%
The relation between sequences satisfying conditions (14) and (30) is discussed in Chen and Hsu
(2000) and noted that (14) is clearly satisfied if P is regularly varying of index a > 0. We say that

(Umnn) satisfies weighted analogue of Landau’s condition in sense (0, 1,0) if there exist my and C
such that

A>0. (30)

Ok

—D (Umkn> Ump-1,n) < C whenever m,k,h > mj. (31
qk

It is clear that if (31) holds and P is regularly varying of positive index, then () € s(3)10(F)'
Analogous, we say that (um,p) satisfies weighted analogue of Landau’s condition in sense (0, 0, 1)
if there exist hy and R such that
Wi :
— D (umpis Umpni-1) < R whenever m,n,i > hj. (32)

1

It is clear that if (32) holds and P is regularly varying of positive index, then (u,;,,) € 8(3)01 (F).

Lemma 3.4 [If (u,,,;,) satisfies weighted analogues of Landau’s condition in senses (1,0, 0), (0, 1, 0)
and (0,0, 1), then (umnn) € S%H(F).

Consider that (u,,,,) satisfies weighted analogues of Landau’s condition in senses (1, 0, 0), (0, 1, 0)
and (0,0, 1), i.e. there exist 1 (&) and R such that

P
_mD(umnha um—l,n,h) < R»
Pm

On

_D(umnh, um,n—l,h) <R

qn

and

Wi
D(umnh, um,n,h—l) <R
Wh
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whenever m,n,h > nj. Forall l <ni<m< j<Ay,1<n<n<k<A,and1 <n; <h<
i <A, we get

D (ujkis Wmnn) < D (jkis ki) + D (Umiis Umnh)

J k i
< Z D(urnh’ ur—l,n,h) Z D(umsh, um,s—l,h)+ Z D(umnga um,n,g—l)
r=m+1 s=n+1 g=h+1
< H( £y LA —£)
r=m+1 P s=n+1 Qs g=h+1 Wg
P~ P ~0, Wi-W
:H( J m + Qk Qn + i h)
Py, Qn Wi,
which implies that
P, —P - Wy, - W,
max D jass ) < H(L2— Lo Q" Cn B2 W) - (g,

m+1n+1,h+1<j,k,i<A;,,A,,1p

Py On Wi

Since P, Q and W are regularly varying of index «, 3,y > 0, respectively. It follows from (33)
that

lim sup max D (ujkis mnn) < H(AY + AP+ A7 = 3)
m,n,h—)oo m+1’n+1’h+lsjvk,is/lm7/ln,/lh

which implies that

lim inf lim sup max D (ujkis mnn) = 0.
A1—1 mn, h—sco ML+ LA+ 1<7,ki<dm,AnAn

Corollary 3.3 Let (14) be satisfied. If (u,np) satisfies weighted analogues of Landau’s condition
in senses (1,0,0), (0, 1,0) and (0,0, 1) and is (N, p, q, w) summable to a fuzzy number to i, then
(Umnn) is convergent to uy.

The proof is followed by Lemma 3.4 and Theorem 3.2.

4 Some Applications

1. The triple sequence (u,,;) of fuzzy numbers defined by

ﬁn lf m=h-= O,I’l eN
Umnh =
0 otherwise.

n
where 8, = Z v and
k=0
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A

1

2 - -
I+t(k+1) if te| G+

0]
Y (1) =

0 otherwise.

is (N, p, g, w) summbale to 0.

As an application of The01_rem 3.1. Now, we will show that the triple sequence u = (Umnn) 18
(N, p,q,w) summable to 0. It is clear that (u,,,;) is P-convergent to 0. The endpoints of the
a-level set of the triple sequence u = (u,;) of fuzzy numbers are

B, (@) if m=h=0,neN

ur_rmh(a/) =
0 otherwise.

and u;’mh(a) = 0 for all m, n, h € N. Therefore, we have

sup D(umnha (_))

m,n,heN

sup sup max{|u, ,(a) -0l |u . (a) -0}
m,n,heN ae[0,1]

sup sup |u, (@)
m,n,heN ae[0,1]

sup |, (0)]

m,n,heN

sup |8, (0)].

m,n,heN

] 0.3

n
Since the sequence (8;,(0)) = (- Z ( ) is convergent as n — oo, the triple sequence
k=0

— (k+1)2
u = (Uyup) of fuzzy numbers is bounded. By Theorem 3.1, the triple sequence u = (u,p) 1S
(N, p, g, w) summable to 0.

2. The triple sequence u = (Uy,,) of fuzzy numbers defined by

B if h>n,m
Umnh =
Bmn otherwise.
where
t
1- ] te0,1+1 1 1
P T+ log[(m+ D)(n+ 1] if € [0, 1+log[(m + 1)(n+ 1)]]

0 otherwise.

GRANADOS, C. B.; DAS, A. K.; DAS, S. Teoremas de Tauber para sequéncias triplas somdveis (N, p, g, w) de nimeros fuzzy. C.Q.D. — Revista
Eletronica Paulista de Matematica, Bauru, v. 26, 26013, 2025.
DOI:10.21167/cqdv26e26013  Disponivel em: www. fc.unesp.br/departamentos/matematica/revista-cqd

15



e\
Te\
A

is not (N, p, g, w) summable.

As an application of Theorem 3.2, we will show that the triple sequence u = (uy;,,;) is not
(N, p,q,w) summable.

Consider that the triple sequence u = (uyns) is (N, p, g, w) summable. Condition (14) is
clearly satisfied. One can check that the endpoints of the a-level set of the triple sequence
u = (Upyup) of fuzzy numbers are u;mh(a/) =O0forall m,n, h € N and

(1 -a)(1+1log(m+1)) if m2>h
wr (@) =1 (1-a)(l +log(n+1)) if n>h
(I —a)(1+log(h+1)) otherwise.

Therefore, we have

D (t 1y tramn) = + (0) —ut (0
1< <At LA B i< (k> tmnn) 1<) <At LA B i< #1i(0) = 4y (O)]
Amn + 1 . .
I f j, k> dm,n > h,
og (m+1)(n+1)) if i and m,n
Apn + 1 e .
) log (h+1)) if j,k>iandm,n < h,
N Ap+1
log I if j,k<iandm,n>h,
m+1)(n+1)
Ap+1
log (;+1)) if j k<iandm,n<h.

By taking the lim sup of both sides of the last equality as m, n, h — oo, we have that

lim sup . max - D(ujkis wmnp) = logA.
m,n,h— o0 M1 <A, n+1<k<A,,h+1<i<y,

By taking the limit of both sides of the last equality as 4 — 1. we arrive that

lim lim sup _ max - D(ujki» wmnn) = 0.
A=1 . h—soo ML <Ap,n+1<k<A,,h+1<i<y

Therefore, it follows from the definition of the slow oscillation in the sense (1, 1, 1) that the
triple sequence u = (u,,;) of fuzzy numbers is slowly oscillating in the sense (1,1, 1) and
it satisfies condition (16) by Corollary 3.1. By Theorem 3.2, the sequence u = (u,p) 1S
convergent. But this is impossible since (u,,;) is clearly divergent. Thus, the sequence
u = (typy) is not (N, p, g, w) summable.
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5 Conclusion

In this article, we have given a Tauberian theorem for (N, p, ¢, w) summability of triple sequences
of fuzzy numbers as an extension of a Tauberian theorem for sequences of single and double fuzzy
sequences due to (Talo; Cakan, 2012) and (Totur; Canak, 2020), respectively. For future works, we
suggest studying more Tauberian theorems on (N, p, g, w) summability by using triple sequences.
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